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Creation, Dissipation and Recycling of Resources in
Non-Equilibrium Systems
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In this article, we define stochastic dynamics for a system coupled to reservoirs.
The rules for forward and backward transitions are related by a generalized
detailed balance identity involving the system and its reservoirs. We compare
the variation of information and of entropy. We define the Carnot dissipation
and prove that it can be expressed in terms of cyclic transformations. Lower
bounds for partial dissipations are also studied, as well as the effect of switching
off certain reservoirs. We also study the near degeneracy of the stochastic
matrix, relate it to phase transitions and we show that the reduced dynamics on
the set of phases is a permutation. Finally, we relate these concepts to heat,
work and more generally to the dissipation and creation of resources, in general
systems.
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1. INTRODUCTION

In a mechanical, physico-chemical or biological system, things happen only
when the system is out of equilibrium. By comparison, in equilibrium, all
possible transitions in the system are balanced, so that no net fluxes are
produced and as a consequence the system appears to be inert. The only
way to reach a stationary non-equilibrium state is for the system to be
coupled to reservoirs that impose conditions incompatible with the equi-
librium. These assertions, although in a way tautological, are not easy to
formulate mathematically so that they include a broad category of systems.
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It seems to us clear that many systems, whether they be physicochemical,
biological, ecological, and economic, must satisfy these tautological asser-
tions. There have been many, many attempts to describe particular systems
out of equilibrium. Indeed this was one of the original aims of thermo-
dynamics, namely to relate heat and work (see, among many references,
refs. 1-8). More general formalisms have also been developed and
thermodynamic state functions have been defined valid for relatively
general systems (see, e.g., refs. 2, 4, 6, 10), or for more specific systems.
Examples include reaction-diffusion systems (see, e.g., refs. 3, 4, 8-10),
usually with large volume asymptotics, "' biochemical systems (see, e.g.,
refs. 7-9, 14) or small systems like molecular motors (see ref. 7 and refer-
ences therein for the original models and ref. 14 for a more recent review)
as well as examples of entropy production. >

Our aim is to build a framework valid for general out of equilibrium
systems. This framework will be, as a consequence, of a rather abstract
nature; for example, it should apply to large systems (like standard non-
equilibrium thermodynamical systems) as well as to small systems (like
biochemical systems), and thus this framework should not depend on large
volume asymptotics, or a many-particle limit or an energy concept. Several
years ago, we developed a master equation-based framework, using a
stochastic matrix formalism. The theory of dissipation of information in a
Markovian discrete system has been introduced in the mathematical theory
of communication (see ref. 17, for the initial reference), leading to the
concept of relative information (refs. 18 and 19) between two probability
distributions on the state space X'

_ p(x)
S(plg) = xgx p(x) log el

From this definition, one deduces that, S is non-negative, and S is zero
if and only if p=¢g. Moreover, S(p|q) decreases under any Markovian
evolution. This idea has been also applied in refs. 20 and 21 to physico-
chemical systems, where the link with the standard free energy is explicit.
In ref. 16 we applied these ideas to generalize the fluctuation-dissipation
theorem and the Onsager relations, in both cases far from equilibrium, as
well as to a path space entropy notion. This has led us to the general defi-
nition of first order phase transition for stochastic systems,® to notions of
hierarchical relaxation® and to the definition of coarse graining using
distances, constructed on the state space from the left eigenstates and the
corresponding relaxation times of the Markovian stochastic dynamics.®®
The possibility of using Markovian stochastic dynamics on a discrete state
space is a basic hypothesis of most approaches to statistical mechanics and
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to thermodynamics. It is a mathematical translation of the physical fact
that there is a separation of time scales, so that a coarse grained description
of the system can be used. The assumption is that the dynamics inside each
“grain” is so fast that each “grain” is in a stationary state. It is also the
underlying hypothesis of all macroscopic descriptions of flows, in particu-
lar in hydrodynamics.

Our basic assumption is that a Markovian stochastic dynamics on a
certain coarse-grained state space is a correct description of the system, due
to much faster relaxation times inside a grain, than between different grains.

This hypothesis may be wrong in certain instances. See ref. 25 for a
discussion in the context of chemical kinetics of the limit of a Markovian
theory of chemical rate constants, ref. 26 for the effect of correlations
in generalized thermodynamics and hydrodynamics, ref. 27 for memory
effects and long tail laws in molecular hydrodynamics, ref. 28 for memory
effects in solids, and many other references.

Thus in our approach, the first central notion, which seems valid for
any kind of natural system, is the notion of coarse-graining: it describes the
basic relation between the observer and the system, and thus has partly a
subjective character, and anyway, it depends on the processes of observa-
tion or on the apparatus and the technique available to the observer.

In physics, it leads to the related notions of entropy, reduced descrip-
tion, adiabatic elimination of variables, macrostates, etc. In chemistry, it
leads to the notion of chemical species. In economics, it is related to the
notion of aggregation and the concept of value. For example, the definition
of the chemical species “water” depends on the technique which is avail-
able: usually it would refer to a certain molecule and one would coarse
grain various rotational or vibrational states. But, with more elaborate
technique, one may have to distinguish different species of water according
to their internal states.

A second basic notion is the notion of fluxes, loops, cycles in chemis-
try, biochemistry, ecology as well as economics. Fluxes and cycles are
created and maintained by competing external reservoirs. It is the treatment
of reservoirs and external transitions that is central to most of the present
article. Indeed, an external observer of a system will observe a global
dynamics, the dynamics of the currents or fluxes of energy, matter, or
various quantities between the system and its reservoirs. In equilibrium
these currents are zero, and the non-equilibrium stationary state is induced
only because certain reservoirs maintain external fluxes. The prototype is
the Carnot engine where two reservoirs impose a difference of temperatures
and as a consequence, a third reservoir receives work, the total effect of the
engine being to channel energy into certain macroscopic degrees of
freedom of the work reservoir. Or a plant uses the photon reservoir of the
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sun to store energy in special degrees of freedom in the form of potential
energy in highly energetic, metastable chemical bonds. The stochastic
dynamics will be inferred from the global dynamics of the external
currents. This general picture of non-equilibrium systems implies that it is
advantageous to take the reservoirs into account explicitly in the stochastic
dynamics (except for the limiting case of equilibrium dynamics), because
what often matters for the users or observers of a system is the nature of
the transitions, of the substances exchanged between the system and its
reservoirs, as well as the rates of these exchanges, even if these substances
are waste-products. On the other hand, we do not want to completely
include the reservoirs in the system under consideration, although we
should include how the reservoirs are modified during their interactions
with the system whose rates are given by the stochastic matrix elements.
Finally, a third notion is the reservoir. Any practioner of statistical physics
knows that it is a highly non-trivial concept, leading to theoretical difficul-
ties. We shall try to make as clear as possible the assumptions that are used
in our work.

It is our aim in this article, to introduce a formalism to solve these
problems, at least in the context of classical systems (no quantum effects
are considered) and of Markovian dynamics (separation of time scales).

Summary of results. In Section 2, we briefly recall the general master
equation formalism and various notations. This formalism is made more
specific in Section 3 where we explicitly introduce the coarse graining using
an a priori given entropy function, as well as the transitions between the
system and the reservoir. Two basic hypotheses are made, in particular that
each transition satisfies detailed balance for the microcanonical ensemble
of the system and reservoirs. In Section 4 a general inequality relating the
variation of the information potential and the total entropy of the system
and reservoirs is derived. In Sections 5 and 6 the Carnot dissipation is
introduced, and calculated explicitly using the cycles of transitions in the
system. This generalizes the calculation of Hill® to any system. In Sec-
tion 7, we consider the effect of switching off certain reservoirs and the
initial relaxation towards a new stationary state. In Section 8, we generalize
the phase transition formalism of ref. 22 to the case where eigenvalues with
modulus near 1 are complex. We show that there is again a set of phases,
so that the induced coarse grained dynamics between the phases is a per-
mutation, at an intermediate time scale. In Section 9, we introduce the
notion of resources and we give a lower bound for the dissipation of a
resources. Finally, in Section 10 we develop examples and relate our theory
to the theory of reaction-diffusion systems in the large volume limit at a
fixed temperature. Moreover, we show explicitly for 3 or 4 state systems
that the topology of the possible transitions with the reservoirs is important.
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2. STOCHASTIC DYNAMICS IN GENERAL

In this section we introduce mathematical notations to describe the
systems that we consider and discuss the physical hypotheses under which
this mathematical description is valid. We maintain the discussion as
general as possible.

A certain system is described by a state space X which is supposed to
be discrete (and usually finite, not necessarily large). A state x is a point
in X. Here, the description of the system by states x is already a coarse-
grained description obtained from a more fundamental but not necessarily
microscopic one. In particular, we can define an entropy function s(x) > 0,
which is the logarithm of the number of fundamental states which become
coarse-grained in the description of the reduced state x.

We assume that time is discrete, the unit time step being oJ¢. The
dynamics of the system is described by a stochastic matrix R,,: R,, is
the probability that the transition y — x occurs in one time step, d¢. In
particular

A state of the system is a probability distribution p(x) on X, so that
Y p(x)=1.
After one time step J¢, the state p(x, ¢) at time ¢ becomes p(x, ¢+ d¢)

p(x,t4+0t)=) R, p(y,t)=Rp(., 1)(x) .1

p will be considered a right vector. If 4 is an observable of the system, we
define its average with respect to the state p as:

{4y, =2 A(x) p(x).
After one time step ¢, A(x) becomes A(x, ot) defined so that, as usual

CA(01), = {AD a0

or

A(x,0t) =}, A(y) R, = (4R).. 22

and A4 will be considered a left vector.
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It is also useful to introduce the variations ¢ of quantities in one time
step, namely

op(x, 1) = p(x, t+0t)—p(x, 1) =) R, p(y,0)—), R, p(x,1)  (2.3)

SA(x, 1) = A(x, t+60) — A(x, 1) = Y R, (A(y, £)— A(x, 1)). 2.4)

The matrix R has the eigenvalue 1 which we assume to be non-
degenerate. The right eigenvector of this eigenvalue is the stationary state

p.(x) = py(x) satisfying
Rp, = p;.
We assume the ergodicity property, namely
p(x)>0 forall xeX.
The left eigenvector for the eigenvalue 1 is
Ay(x)=1 forall xeX.

The other eigenvalues are A, with |4,| < 1.
The dynamics given by R is an equilibrium dynamics or a detailed
balance dynamics if the detailed balance condition is satisfied, namely:

R, p(y)=R,.p(x) forall x,y. (2.5

For any probability distribution p(x), we can define the current as the skew-
symmetric matrix

JB =R, p(y)— R, p(x). (2.6)

The stationary current J Sy) is obtained for p=p,. It is identically 0 for

detailed balance dynamics.
We see that if the state is p(x, ¢), then

5<A>p(t) = <A>p(t+6t) - <A>p(t)
=Y A(x) O,

X,y

The entropy of a probability distribution is as usual

S(p) ==Y p(x) log p(x). 2.7
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The relative entropy of two probability distributions p, g is

p(x)

S(plg) =Y, p(x)log=—— oY

2.8)

Then S(p|q) =0 and is 0 if and only if p = q. Moreover, it can be proved
that S(p| ¢q) is non-increasing under any stochastic evolution

0<S(Rp|Rq)<S(pl9) (see, e.g., ref. 19) 2.9)

For an equilibrium system with inverse temperature f the stationary
state can be written

Peg(X) = exp( Bh(x))

= exp(—p(h(x)—F,,))

where Z = exp(—pF,,) defines the equilibrium free energy. In that case

S(p|p.,) = B(F(p)—F,),

where F(p) is the free energy of the state p, namely

1
= S(p).
B (p)

It is also known and easy to see that S decreases by coarse-graining,
namely if p, § are coarse-grained probabilities of p and ¢ on a reduced state
space X, then

F(p)=<hy,—

0<S(PI9<S(ple. (2.10)

In this equation we assume a collection of disjoint subsets X; of X such
that X = ;. y X;. Then we define

p(x)= ka(X)
0 if x¢X,
PEID =200 xeX;

p®
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and we easily verify that (see ref. 19)
S(plg)=S(BID+Y pX) S(p(.1%)]4(- %))

For future use, we note that for any probability distribution p on X, and
any stochastic dynamics R, there is a small J¢ expansion

S(p|Rp) = Zp( )<p( )2 Ji’f) +0((o1)"), .11

where the first term is O((J5¢)?). To prove (2.11) note that

(Rp)(x) Ro+Y R p(y)

p(.X') o y#EX xyw
L (11)
=t me
Then
S(p|Rp) =% p(x) log )
Rp)()
xzyJ(p)+ z p(x )<p( )z J;§)>2+0((5t)3).

The first term, however, is identically 0 because J is skew-symmetric.

The interpretation of S(p | Rp) is the following: We know that —log p(x)
is the information that one gains from measuring the actual state x,
knowing that the probability distribution was p, and that S(p) is the
average (or expected) information gained in such a measurement. Then
—Y p(x) log(Rp)(x) is the average information gained if one measures
the actual state after one time step d¢ of the evolution by the stochastic
dynamics R, knowing that the probability distribution is p and S(p| Rp) is
the variation in one time step of the average information, knowing that the
probability distribution was p.

Remark. The sum in Eq. (2.11) makes sense in the continuum limit
of x. In this case p(x) should be replaced by p(x) dx and R,, by dx7,,
where p(x) and 7,, are probability densities.

The description of the dynamics on the space X as a stochastic
Markovian dynamics is valid provided that each point, x € X, represents
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a set of “microscopic’ states such that the “exact” dynamics (of which the
stochastic one is a reduction) has fast time scales compared to the time
scale for changing the ““grain” x. This means that we have a separation of
time scales between various degrees of freedom (see also Section 8 of this
article, ref. 22 for application to the dynamics of phases and ref. 24 for
discussion of the basis of grain selection). The hypothesis of separation of
time scales is a matter of contingency. It depends on the system studied and
may or may not be a correct assumption. But it is the standard assumption
which is at the foundation of standard statistical mechanics and thermo-
dynamics.

3. RESERVOIRS AND THE STOCHASTIC DYNAMICS

We assume that the system X is coupled to various reservoirs indexed
by £=1,..., r. The reservoir £ is described by its state space 2, with states
¢, € Q,. Each state has an entropy s,(&,). If the joint state (x, (&,),_; . ,) of
the system and its reservoirs is known, the entropy of the joint state is

S(x, (€)= S(X)Jré1 5(Se)- 3.1

During a variation y — x of the system X, it may happen that the states of
the reservoirs 2, also vary. Our notation for the reservoir variation is
N — &

In particular, a given variation y — x of the state of X can be realized
by different kinds of mechanisms involving or not involving the reservoirs.
More precisely we consider various transitions « as mappings

o (¥, (ﬂe))EXXU Q,—(x, &) eXx]]Q (3-2)

(which are not necessarily defined for all states) and we assume the follow-
ing hypotheses.

Hypothesis 1. In a transition «, as in (3.2), the variations of the
states of the reservoirs 2, are functions of the states y, x of the system X
and of the transition that is considered.

Thus, given y and x, only certain #, may be allowed, and for each such
n, a particular ¢, is fixed.

We shall also assume that to any transition, there is an associated
inverse transition « ' such that

oy, (1)) = (¥, (n.))-
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We denote by Rﬁc";) the probability per unit time step J¢, that the transition
o occurs between states y and x of X. We assume that Rﬁc";) depends only on
y and a, x being known when y and a are known. We also make the
following hypothesis.

Hypothesis 2. Each transition o satisfies an independent detailed
balance relation, namely if

a(y, (7)) = (x, ()

then
—1
R exp(S(y, (1)) = RS, exp(S(x, (&) (3.3)
If a is not defined between y and x, we define
R =0.
In this case « ™! is also not defined between x and y and we take
—1

RV =0.

We define the stochastic matrix R,, by

R, =Y R (3.4)

4

the sum being taken on all transitions « (or inverse transitions) which relate
y to x (for y # x) and as usual

R,.=1-Y R,. 3.5)

Y#EX

Remark. By this construction, we have further specialized to R such
that R,, # 0 implies R, # 0.

Among all possible transitions, we distinguish

— internal transitions a which do not change the states of the reservoirs

a(y, (1)) = (x, (77,))

— external transitions o’ which change the states of the reservoirs. An
external transition is of type £ if it changes only the state of X and the state
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of the reservoir £, so &, #1#,, but not the states of reservoirs k # £, for
which &, =,. By a proliferation of reservoirs and as, one can demand that
each a involve changes in at most a single reservoir, but this is not neces-
sary for now.

For an internal transition o, Eq. (3.3) reduces to

RS exp(s(y)) = RS exp(s(x)) (3.6)

and for an external transition o of type £,

R exp(s(y) +5,(n,)) = R exp(s(x) +5,(&,)). 3.7

We discuss briefly Hypotheses 1 and 2, which are obviously related.

Hypothesis 1 implies that for a given transition «, the variations of the
states of the reservoirs are known in terms of the variation of the state
of X. It means that external transitions satisfy conservation laws. As a
consequence, one can consider the joint system, system X together with the
reservoirs £,, as a closed system denoted X + (£,).

Hypothesis 2 says that in this closed system X + (£,) the quotient of
the rates of transitions « and a~' is equal to the quotient of the volumes
of the initial state (y, (r,)) and of the final state (x, (£,)) (in the closed
system), these volumes being equal, by definition, to the exponential of the
entropies of the states. This is effectively a statement of detailed balance for
the entire “universe,” X + (£2,) (more below).

Moreover, this detailed balance relation satisfied by a given transition
depends only on that particular transition and is independent of all the
other transitions occuring in the system. Each transition acts indepen-
dently, with rates satisfying a detailed balance relation so that each transi-
tion, by itself would tend to bring the system back to equilibrium with the
reservoir associated with that transition.

We can rewrite Eq. (3.3) as

(@)

Y _ exp [s(x)—s(y)@ (sz(@)—sz(m))]. (3.8)

1. —
RE

Equation (3.8) implies that >, (s,(&,)—s,(%,)) depends only on x and y
and this fact is a consequence of Hypothesis 1.

As a consequence of Eq. (3.3), the closed system X +(£,) has a
detailed balance equilibrium probability distribution

P(x, (&) =exp(S(x, (&,))) (up to a normalizing factor) (3.9)
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when we consider the transition probabilities R(“) as transition probabilities
for the closed system X +(€Q,) which are 1ndependent of the states of the
reservoirs. Nevertheless, the stationary probability for the system X, is not
obtained by a simple summation over the reservoir state (&,): if this were
the case, p,(x) would be proportional to exp(s(x)). The reason is precisely
the conservation laws between X and its reservoirs, so that p,(x) is a con-
strained sum over the (&£,). We next give an example illustrating this point.

Example. Consider a system X whose states are labelled only by
their energy content, e = ng, where ¢ is a quantum of energy and # is an
integer. This system interacts with two thermal reservoirs ©;, j = 1, 2 whose
state space is also characterized by an energy variable only, e; = n;¢ (again
n; is an integer) and the temperature of £, is ﬂj‘l. The entropy of £, is

s;(e;) = Be;.

The total energy E; = e+e, +e, is conserved in each transition. The closed
system X +Q; +, has the equilibrium distribution, up to a normalizing
factor,

P(e, e, e,) = exp(s(e) + e, + Bre,)
= exp(s(e) + (B —B,) es — pre+ BEr).

If B, = B,, this is also the canonical probability distribution exp(—f(e — —s(e))
with the standard free energy f(e) = e—fs(e) for the system X. For /31 # [,
a stationary probability distribution is obtalned by summing P(e, e,, e,) for
0<n <Ny, with N, =E; /e, n=e/¢, but it does not satisfy the master
equation as is usual in these circumstances. In fact, there are only two
kinds of transitions, one for each reservoir

Ry exp(s(ne) + fime) = R, exp(s((n+1) &)+ By (m —1) &)
corresponding to transitions with reservoir 1
(1+):(n,n,n)—>mtl,n F1,n)
and transitions
R, exp(s(ne) + fomae) = R2.), exp(s((n+1) &) + fr(n, — 1) €)
corresponding to transitions with reservoir 2

2x):(n,n,m)—> (ntl,n,n F1).
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4. AN INEQUALITY RELATING THE VARIATIONS OF INFORMATION
AND ENTROPY

We define the information potential (see ref. 12) as

&(x) =log p,(x). 4.1

Thus the entropy of the stationary state is — (&}, . Recall that the varia-
tion of an observable A(x) (for the system X') in one time step is

0A(x) =} R, (A(y)—A(x)). (4.2)

This applies in particular to @. But Eq. (4.2) cannot be applied to the
variation of S(x, (£,)) in one time step, because this variation depends not
only on the variation x — y of the state of X, but also on the nature a of
the transition. Nevertheless, we can define for a given x:

IS(x, (€)) =2 RA(S(y, (1)) = S(x, (&,))) (4.3)

where in the summation in Eq. (4.3)

(3, (1)) = ax, (&,))-

We want to prove the following inequality, valid for a given (x, &,):
0D(x) < S(x, (&) 4.4)

Inequality (4.4) means that the variation of the information in the station-
ary state is always less than the variation of the total entropy.

We prove the inequality (4.4). The master equation for p,(x) can be
written

2 ROp(») =Y RY, p(x)=0 4.5
Yy

@,y

for all x € X. Using Eq. (3.3), we have

R = R D exp(S(x, (&) —S(3, (1)))-

After reindexing the summation in Eq. (4.5), this equation can be rewritten
as

Y. RE [exp(@(y)—B(x) +S(x, (6))—=S(y, (1)) —11=0

o
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Using the fact that e — 1 > a with equality if and only if a = 0, we deduce

Y. RE[B(y)—B(x)+S(x, (€)= S(p, (1)1 <0 (4.6)

@,y

which after rearrangements and using Eqs. (4.2) and (4.3) gives the
inequality (4.4).

We have equality for all x in (4.4), if and only if for all y, and all
transitions «: (y, (7,)) = (x, (&)

D(x) —D(y) = S(x, (£,))—=S(y, (n,))

which implies that the system is in detailed balance, because then Eq. (3.3)
implies that for all y and all «

RS exp(D(y)) = R " exp(®(x)).

Remark. It is in general not true that 6&(x) > 0 for a given x € X. In
particular, if one takes a point x, where @(x,) is maximum, it is clear that
in general 0@(x,) will be negative. On the other hand, in the large volume
limit, it has been proved in ref. 12, that @ increases along the deterministic
flow associated with the master equation or the Fokker—Planck equation.
Moreover in this case, at a point where @ is maximum, the vector field of
the deterministic flow also has a zero. On the other hand, under the
discrete stochastic dynamics of the Master equation, it can happen that @
decreases. The main problem, in the large volume limit, is that the deter-
ministic flow is not a correct approximation to the stochastic dynamics for
very long times. (of the order of the exponential of the volume) (see, e.g.,
ref. 12). The question of large volume limits will be examined in another
publication.

5. DISSIPATION IN THE STATIONARY STATE

(a) For any transition «, we can write Eq. (3.3) as

R{) = K() exp 5 (S(x, (&)= S(y, (m,))) (.1)

where K is symmetric, namely

KQ=K&" and  a(y, () = (x, (&)). (5.2)
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(b) Let us now define the Carnot dissipation in the stationary state
pi(x) as

D=5 Y, [SCx (&))—S(y, 1)1 (5.3)

X, ), %

where J ) is the current of the transition a

J® = R®p,(»)—R% ' p,(x) (5.4)
so that
-1
JE ) =—J. (5.5)
Now

Y KQJE =0.

X, Y, &

Indeed, in the sum in the previous equation, for each couple («, y) of the
sum, we can find also the couple (a7, x) in the sum and because of Egs.
(5.2)(5.5)

~1 -1
KQJIO+Ke T80 ) =0.
So 2 becomes, using Eq. (5.1),

Z2=73 (logRY)JS

X, y,
“1
=13 (logRY —logR$, ") JE (5.6)
X, y,

which can be rewritten as

i RS,
:E z J(on) < (ufll: (y) > (57)
Xy, Ryx ps(x)

Eq. (5.7) follows because for any fixed y, for the stationary state, one has

Y 7@ =0,

This implies, because of Eq. (5.5), that

P2>0 (5.8)
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and 2 =0 if and only if J) =0 for all « and all y (namely detailed
balance).

Remark. In ref. 20, a different notion of dissipation was introduced,

namely
1 Z <nyps(y)>.
2 X, Ryxps(x)

This quantity is not 2 (the Carnot dissipation). In general for a given
variation y — x of the state of X, the variation of the entropy of the
reservoir depends on the actual nature of the transition (labelled by « in
Egs. (5.3)-(5.7)).

We see also that the dissipation & is equal to the dissipation of the
reservoirs, because

Z (s(x)=s(y) JG) =

so that Eq. (5.4) is reduced to
B Z <Z (se(fe)—se(m))> JG. (5.9)

(c) We now discuss the dissipation of information in the system X.
If one starts from the state y, the dissipation of information is
—> R, logR,,. If yis distributed according to the stationary probability
distribution, the average dissipation of information in one time step d¢, for
the system X is

~Y R, p,(y) log R,, > 0. (5.10)
X,
It is easy to see that

_z Z ps(y) ny log ny'
x oy

_Z <Z nyps(y)>log <Z nyps(y)>ES(ps)

x

because p, is the stationary state of X. This can be rewritten as

0<D<S(p,). (5.11)
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Notice that one can define another dissipation of information. For the
system together with its reservoirs, let this be

Dr=—= 3 R{p,(y)logR().

X, ), &

6. CALCULATION OF DISSIPATION USING CYCLES

In this section, we calculate the Carnot dissipation using cycles in the
state space X. First recall the construction of the stationary state.

We can consider X to be a graph whose vertices are the points x € X
and the edges are the pairs (x, y), provided R, # 0 (so that R, # 0 by our
hypothesis). Fix x, € X. A spanning tree of root x, is an acyclic subgraph
of the set X, containing all the points of X, and which is oriented in such a
way that all the edges (x, y) are pointing towards x,. We call €(x,) the set
of spanning trees of root x,. If T € ¥(x,), we define the quantity

RT)= [] R, (6.1)

[x,y]eT

where [ x, y] is an oriented edge of T, the orientation being from y to x.

We recall the following well-known result, which has been discovered
or rediscovered many times (see, e.g., refs. 8, 9, 16, and 29). The stationary
state p,(x) is

1
()= Z( ) R(T) (6.2)

where Z is the normalization factor; obviously

z=Y Y R(T). (6.3)

xeX Te¥(x)

This is the analogue of the partition function in a non-equilibrium situation.

We consider now a transition a € 4 where A is the set of all possible
transitions and we want to calculate the current of that transition (in the
state p,)

-1
J& =REp(y)— RS p,(x). (6.4)

We calculate the term R p,(y), using Eq. (6.2). Begin with a spanning tree
of root y, T € 4(), and look at R R(T'). There are two cases
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(i) T contains the oriented edge [y, x] and thus R(T") contains R,
In this case, if we reverse the orientation of [y, x] in T (and only of this
edge), we obtain a tree T’ € ¥(x) and R(T") is identical to R(7T") except that
R, in R(T') has been replaced by R,,. Moreover the correspondence
between the trees T € €(y) with [y, x] €T and the trees 7' € €(x) with
[x, y] €T’ is one-to-one. Now

-1 -1 r
RYR,.—RY, "R, =RY Y RW-RL" ¥ RY.

o Fo o #o

So this type of tree T € €(y) (resp. T' € ¥(x)) containing [y, x] (resp.
[x, ¥]) generates a contribution to J ("‘) which is

1<R(a) z R(a)_R;D;;l) Z R(“))( Z @) (65)

o Fa o Fa Te%(y) Ryx

(ii)) T e %(y) does not contain the oriented edge [y, x]. Because T
is a spanning tree, there is a unique sequence of oriented edges going from
xto yin T[y,x,], [X,> Xs_115---» [X1, x] (With #n > 1) and this generates a
corresponding product in R(7"), namely

R, R, R

XpXp_1 xy1x*
Now in the product R® 5 Ps( ), this tree T € €(y) generates the contribution

ROR, R, R

XX

corresponding to the oriented cycle

[X, y]a [ys xn]’ [xn’ xn—l]""a [xl’ .X']

where all the points are different. We say that the cycle is simple. More-
over, if we reverse the orientation of this cycle we obtain

[y9 X], [x9 xl]a [xla x2]’-"a [xn—la xn]a [xna y]

and the oriented path [x, x,],..., [x,, y] induces from T a tree 7' € €(x)
which is identical to 7" except that the path leading from x to y in 7 has
been reversed to a path leading from y to x in 7".

Moreover, if we delete from 7" the edges [y, x, 1, [ X, X,—1 1,---» [ X1, X1,
we obtain a union of disjoint trees spanning the rest of the graph, with
possible roots at y, x,, X,_1,..., Xy, X; this is a forest of trees F with roots on
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the cycle y, x,,..., X;, x, spanning the graph X deprived of this cycle. This
forest F is exactly the same as the one for 7’ and we call

R(F)= [] R, (6.6)
[y,x']eF
the contribution of this forest.
So, we see that the trees 7 € ¥(y) (and the related trees 7' € €(x))
which both do not contain [y, x] (resp. [x, y]) as an edge, give a contri-
bution to J which is

Ly @90-rPeh@) Y RE) 6.7)

Z ceC(x,y) FeZ(c)
with the following notations:

(1) C(x, y) is the set of oriented simple cycles containing the oriented
edge [x, y] (and containing at least three vertices).

2 If ceC(x,y) is a cycle, c=(x,yL [y, x, 1 [%> Xp_115---»
[x1, x]1)

PO(c)= Rff;)Ryanxnxn_l R, .. (6.8)

XIX
(3) cis the reverse cycle and P(y‘ﬁc) (©) is the corresponding contribution

- a_l
P®9(@) =R% R, ,R, . ---R,. (6.9)

XnY " " Xp—1%n xXq

(4) Ifcisacycle, #(c) is the set of all forests with roots on the cycle c,
which span the whole graph X, deprived of the edges of the cycle, and
R(F) is given as in Eq. (6.6).

As a consequence J | (”‘) is the sum of the contributions given by (6.5) and
(6.7). We can obviously write this sum of two kinds of terms as a sum of
type (6.7), provided we allow in C(x, y) degenerate cycles [x, y], [y, x]
with a contribution

PO([x, ¥], [y, x]) = RE)R,,
—1 -1
P;x )([ya x]a [X, y]) = R;x )ny
because in Eq. (6.5) % RT) (for [y, x] € T) is a contribution of the type R(F)
for the forest F obtalned by deleting [ y, x] from X. With this convention,

Jfé’}’=l Y (P@()-P% V@) Y R(F). (6.10)

ZCEC(X,y) ceF(c)



1336 Gaveau and Schulman

We introduce an abbreviated notation for the variation of S during a
transition «, starting from state y e X’

d9S(y) =S8(x, () —S(y, (1.))
a(y, (1)) = (x, (S,))-

We take now a cycle

6.11)

C=(xy] [y, x, 1o, [x1, X1)

and use the fact that
— (a;)
in+1xi - Z in+1xi (Eq (34))
RS =K&  exp(3d™S(x))  (Eq.(5.1)

so that

Pi";)(c) = z KE;)KS?") <

x exp[3(d“S(y)+d’S(x,)+ -+ +d“S(x))].
But by Eq. (5.2), we have
K® =K
d*OS(x) = —dS(y)
so that we obtain
HPY(O-PL @)

= Z K;U;tn+l)...K(“l)K§C“;?

xlx
%1 %pp
x sinh[ 1 (d©®+VS(x,)+ -+ +d“S(x)) +d“S(y))]. (6.12)
We define now a cycle of transitions y

y=(a’n+laa’n9--" 0, O )’) (613)

to be read from right to left, such that y is a point in X, indeed the initial
point, and «, «,,... are transitions so that

(an+1 o0, 0 - 00 O“)(J’)=J’-



Creation, Dissipation and Recycling of Resources 1337

A cycle as in (6.13) gives a cycle ¢(y) in X

c(y):([x’ y]: [y’ xn]s"" [xlsx]) (614)

but it is clear that in general the cycle y contains more information than
¢(y), because y specifies the nature of the transitions.

We shall denote by I"®( ) the set of cycles y (initial point y and first
transition a) as in Eq. (6.13) such that ¢(y) is a simple cycle (two points of
¢(y) are distinct).

We denote by d,S the total variation of S over y

d,S =d+VS(x,)+ --- +d“VS(x,) +d™S(x). (6.15)
Using this notation and Eq. (6.12), we see that Eq. (6.10) can be
rewritten as

2 :
Y (K& K&K sinh(1d,S)) Y R(F) (6.16)

JG == it

Z T, FeF (k)

where in the sum,

y = (an+1a"'7 0y, O J/')-
We also allow n = 0, in which case y = (7', «; y). We can now calculate the
Carnot dissipation given by Eq. (5.3). Using the notation of Eq. (6.11), we
have

=5y d9S(y)J%).
y,oc,x

But using Eq. (6.16), we see immediately by rearranging the sums

1
9= Z Y K(;;:n“) . -KS;IX)KS;)(dyS) sinh(3d,S) Y. R(F) 6.17)

b4 FeZ(c»)

where now the sum is over all possible cycles

Y= (0yp 1> Cpsenes 0Xps O V). (6.18)

But x sinh x is non-negative and equals zero only at x =0, so that 2 >0
and is zero if and only if for each cycle y, either d,S = 0 or the cycle has no
weight, i.e., the product along the cycle of the matrix elements

R(yﬂ;.:l) . Ri‘}) =0.
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The expression (6.17) for & can be rewritten as

2=y (dS)I, (6.19)
Y
where I, is a net current along the cycle y namely

1
=2 Ky - KWK sinh(Gd,S) Y R(F). (6.20)

o FeF(e)
If we split the sinh function, we see that

L=I'—1I,.

Y

Then
I+
—+ =exp(d,S).
I}’

We can interpret , as the number of times a cycle y is performed in a unit
time step Jt (see also, e.g., ref. 8 for a less general formalism, at a fixed
temperature).

Near equilibrium, the d®S are small and one can expand the sinh
function to first order. On obtains as usual a quadratic expansion for & (as
in ref. 8)

9 ~% Z ky(dyS)2 (6.21)
Y
where

k

b4

1
=2K(y°§£'n“)“'K§fy) Z R(F).

FeZ(c(y)

We can interpret Eq. (6.20) as a diagonalization procedure for the quadra-
tic form & in terms of the d,S. We notice that each cycle y contributes a
positive term in the Carnot dissipation.

7. SWITCHING OFF RESERVOIRS

(a) We consider a stochastic dynamics as in Section 3, defined by the
R™. Suppose that we suddenly switch off certain external transitions o.
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Namely, we assume that one can express the set of external transitions as
Ay = Al U Av,, and we define a new dynamics R by the formulas:

ext ext ext»

R®=R®  for aed, uAd™
(7.1)

R®=0 for aeAl,.
We assume that if o€ A, (resp. A.,), then also the inverse transition
a'ed,, (resp. A7,). The d1agona1 elements R,, of R are modified
accordingly (so as to restore 3, R,, = 1).

We can define the relative entropy S(p, | Rp,) exactly as in Eq. (2.11)
with the current

J&) =R, p(»)—R,, p,(x).

where p, is the stationary state of R. But we know that in the dynamics R,
for the stationary state one has

(py) —
Z J xy 0
y
and
R (@ — (@)
R, = 2 Ry =R,y — Z,, Ry
€ dgyy € Agyt
« internal
so that

=I5 =Y ROp(»)— Y RUp(X)

ae Aext € Aeyy

-1
= 2 (RYp,(»)—R{; 'p(x).

"‘EAext

Then from Eq. (2.11), we obtain

ae Al

S Rp) =3 20 (S5 T T 190 J w00 ()

Here ¥, ., J&® is the sum of currents of the dynamics R, due to the
external transitions that have been switched off.
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(b) Let us again split the set A4, of external transition o, as

Ay = AL, U AL, and define the quantity
D, =1 z J® log <M> (7.3)
4 x,yeX v R(a ) ( )
aed

Here, as before, the splitting 4 =A'uU A” is such that if o€ 4’, then
o' e A’ also. Clearly

2, >0. (7.4)

As a consequence, we can expand the quantity 2, as we did in Section 5,
to obtain

Y d9S(N I =De+; Y (Px)-D(y) I (7.5)
x,yeX x,yeX
aed aed

using the definition (6.11) of 4. But

d@&yr=mw—«w+d@<z&>oo (7.6)

L

(we recall that by our assumption (3, 5,)(») depends only on y and «).
Thus we can rewrite (7.5) using the inequality (7.4) as

Z d("‘)<z z)(y)fi“y)=%r+§ Y (D) =s(x)=(B(»)=s(»)) I

21 Y (@(x)—s(x)— (P(»)—s(») JL.
e (1.7)

One can interpret the inequality (7.7) in two ways.

(1) In general, the variation of the entropies of the reservoirs asso-
ciated with a subset 4’ of the external transitions is not a positive quantity.
Only the total variation of the entropies of all reservoirs for all transitions
is positive. Nevertheless, this variation of the entropies of the reservoirs
associated with a subset 4’ of external transitions is bounded from below
by the corresponding variation of the state function @ —s, where @ is the
information potential log p, and s is the entropy state function of the
system.
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(2) A second interpretation is the following. Write A, =A4"uU A"
and, as in Eq. (7.1), define a new dynamics R obtained by switching off the
transitions a € A”. The stationary state p, of the initial dynamics R is no
longer the stationary state of the new dynamics R, so that in the first time
step dt, p, starts to evolve. Then the quantity

3 Y (@SH(»MIY (7.8)
x,yeX
aec A

is the variation in the first time step J¢ after the transitions o« € 4” have
been switched off, of the total entropy (system and its reservoirs), averaged
over the stationary state (from which we were starting initially and which is
beginning to be displaced by the new dynamics). This quantity (7.8) has no
reason to be positive (heat, for example, will flow in or out). Nevertheless,
it is always larger than the corresponding variation of the information
potential

3 2 @OHWMNIG =5 Y (@x)-B(y) TS, (7.9)
x,yeX x,yeX
aeAd aed

8. NEAR DEGENERACY AND PHASE TRANSITIONS

In ref. 22, we developed a general theory of first order phase transi-
tions for any stochastic dynamics. Our main result was the following: Let
us assume that the stochastic matrix R has r—1 real eigenvalues different
from 1, but very close to 1, and that all the other eigenvalues are far
from 1. Then the system X has r different phases which are long lived.
Namely, one can find r disjoint subsets K,..., K, of X and r probability
distributions p, - - - p, such that

(i) the p; are approximate eigenstates of R* of eigenvalue 1 for s not
too large.

(i) p; is almost supported by K; in the sense that the probability of
C K, (the complementary set of K) for p; is very small.

(iii) the union of all K;, J;_, K;, exhausts X, up to a set of very
small probability for the stationary state p, of X.

In this section we extend this result to the case when R has complex
eigenvalues with modulus close to 1.
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Let us assume that R has

(i) 2m complex conjugate eigenvalues o, af,..., &,,, &

.oy Oy O, With complex
eigenstates u; +iv,,..., U,, +iv,,

(i) £ real eigenvalues f,,..., B, (different from 1) with real eigenstates
Wi,..., w,, and that the null space of these eigenvalues is exhausted by these
eigenvectors (i.e., no Jordan form is needed for « or f).

We also assume that there exists an intermediate time scale ¢ (¢ is an
integer here) such that forall I <j<m,all 1 <k </

(i) 1—]o|" and 1—|B,|" are small of order ¢

(i) |A'|" < e for all eigenvalues A’ different from the «;’s and f,’s.

Thus, the modulus of the eigenvalues of R’, a}, a}’, B} are very close
to 1, while the modulus of the other eigenvalues of R’ are far away from 1.
We assume also that there exist integers p; and g; such that

2inp;
a; = |o;| exp (—’) 8.1

J

and that Q =T]/_, ¢; <0(?). Using the results of ref. 22, we see that the
matrix R? has eigenvalues 1, |o;|2, B2 very close to 1, and the other eigen-
values A2 are far from 1, so that R? has a phase transition (in the sense of
ref. 22), with r = 2m+£+1 phases (each |«;|? is doubly degenerate). We call
P1...., D, the states associated with these phases for R2. The construction of
ref. 22 shows that the phases p,,..., p, are, up to a small vector (of the order
of |4|" for the eigenvalues A of R different from the a; and ), linear com-
binations of the stationary state p, and the eigenstates u;, v; and w; of the
|o;|¢ and 2.

Call V' the vector space generated by p,,..., p,. Up to small error,
R maps V into itself because V" is essentially generated by p,, u;, v;, wy.

Moreover the eigenvalues of R|, are 1, a, oc;‘ and B, and thus (R|,)¢
has eigenvalues 1, |o;|?, |8;|¢ which are 1 up to &. That is,

(R],)? ~1d, +0(e) (& definition Eq. (8.1)). 8.2)
Now consider the set @ = {p,,..., p,} of the r phases of R%. We want

to prove that R|,, induces a stochastic matrix C on the set @, modulo ¢. We
know that forall 1 <k <r

Rpe = (Rly) pr = ; cxp;+0(e) (8.3)
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We must prove that up to O(e):
i 0<cyp<l1
i) Xj_icp=1

(i) The probability distributions p; are supported by disjoint subsets .S;,
j=1,...,r of X, up to error ¢. So if we take the value of Eq. (8.3) at x and
sum over x € Sfo’ we obtain

r

Y (Rp)(x)=3 cx ), p(x)  (mode)

xeSjO j=1 xeSjo

The first member of this equation is a real number between 0 and 1,

because p, is a probability distribution and R is stochastic, and the second
member is ¢; , (mod ¢), so that

<1 (mod ¢)

(i) Now let us take the value of Eq. (8.3) at x and sum over all
x € X. We obtain

1= ¥ Rp)0)=Y

xeX

e 2, pi() =3 cut0(e)
1 xeX j=1
so that we have proved that (c;) is stochastic matrix (indexed by the set @
of the phases), at least, up to terms O(e). The stationary probability distri-
bution p, is in ¥ so that one can find real numbers, 7,,..., 7, with

r

p(x) =}, m;p;(x)+0(e).

j=1

By summing over x € X, we have
Y m=1+0()
j=1

and by summing over x€S;, we have 3 .5 p,(x)=m;+0(¢) (supp p;
< §;) so that 0 < 7; < 1 up to O(¢) terms.

Moreover the vector 7= (x;);_,..., is the right eigenvector of eigen-
value 1 of the matrix C = (¢j;) and is a probability distribution. Indeed ;
is the stationary probability of phase number j:

7= Y p(x)+0(). (8.4)

x€eS;
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Let ¢=(q;);—1.., be any probability distribution on the set @ of the r
phases and let us calculate S(g|n). The fundamental property of S
(Eq. (2.9)) implies that in the evolution C on the set of phases

S(glm) >S8(Cq|m) > --- > 8(C%|n)~S(q|n).

This follows because C¢ ~Id, + O(e), due to Eq. (8.2), and the fact that C
is R|, in the basis of the p;, using Eq. (8.3). This means that for any prob-
ability distribution ¢ on the set of phases @

S(g|n) ~S(Cq|m)+O(e). 8.5)

From these results, we shall conclude that R induces on the set of phases @,
up to error &, a stochastic matrix which is a permutation of the phases.
To prove this, we need the following lemma.

Lemma. let X be a finite set, M a stochastic matrix on X such that
for any probability distribution g on X

S(qlq,) =S(Mqlq,) (8.6)

where ¢, is the stationary state of M. Then M is a permutation matrix
(assuming ¢,(x) # 0 for all x € X).

Proof of the Lemma. Take for g(x) =, , for a given y € X, so that
equality (8.6) means

M
—logg(y)=) M, log—%.
(=2 M, log 05

Using the fact that 3} M, , = 1, because M is stochastic, one obtains

q,(x)
a,(»)

Y M, logM, =3 M, log 8.7

Now take for y a point x; in X with

qs(x0) = I)Pslf\’l qs(x)‘

So the second member of Eq. (8.7) is obviously > 0 while the first member
is obviously < 0; therefore they are both 0, which means that each term
(= 0) of the second member of Eq. (8.7) is 0, and each term (< 0) of the
first member of Eq. (8.7) is 0. This implies that for all xe X, M,, =0or 1,
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so that there is only a single x; with M, , =1 and for x # x,, M,, =0.
Moreover g,(x;) = q,(x,)-

If x; = x,, {x,} is a trivial cycle by itself and we can remove x, from X
and use a recursion argument.

If x, # x,, we apply Eq. (8.7) to y = x, and by the same argument as
before (also using the fact that g,(x;) = ¢,(x,), so that log[g,(x)/q,(x;)]
= 0), we deduce that there is a (unique) x, with

M, =1, M, =0, X # X,

XpXq xx1
qs(x2) = qs(xl) = qs(xo)'

Now x, # x,, because if x, = x; we would have

qs(xl) > Mx1x2qs(x2) +Mx1x0qs(x0) = 2qs(x0)9

which is impossible.
If x, = x,, then {x,, x,} is a cycle and we can remove {x,, x,} from X
and use recursion.
If x, # x,, we apply Eq. (8.7) to y=x, and use log[q,(x,)/q,(x;)]
=log[q,(x;)/q,(x,)] = 0. Then there is a unique x, with
M. . =1, M, =0, X # X5

q,(x3) = q,(x) = q,(x1) = q,(x,).

etc...
Finally, we see that for any y, there exists a unique x with

M

xy

=1, M,=0 (z#%x)

So M is a permutation matrix.

9. CREATION AND DISSIPATION OF RESOURCES

In this section, we make more specific assumptions about the system
and its reservoirs and interpret various quantities.

Assume that there exists a set A of state functions f,(x) defined on the
state space X of the system, for A € A. These functions are “resources,” for
example energy in a physical system or water in an ecological system.
Assume also that any reservoir Q,, 1 < /£ <r, is associated with a function
S for a certain 4 (£), so that 4 () is a mapping

M) {1, r} > 4.
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Hypothesis 3. We assume that for any 1 <£<r, f), is also a state
function on the space £, of the reservoir £ and that the value of f),
characterizes the state &, of ,. In particular, the entropy s,(&,) of ©,, is a
function s,( f))-

Hypothesis 4. We assume that each external transition o € A, is
associated with a specific reservoir £,,,; in other words, it is a transition of
type ¢(a) so that during the transition a, the state y of the system X and the
state #,,, of the reservoir £,,, vary, and the other reservoirs do not vary.
Thus

o (p, (1)) = (x, (&) ©.1)

with &, =, for £ # £(a). Moreover, we assume that during the transition, o,
defined as in (9.1), f ) is a conserved quantity, so that

Fict@n () = Fien(¥) = Sien Weer) = Ficren (Cewy) 9.2)
where (y, (1,)) = (x, (&)

We comment briefly these two hypotheses. The whole system + reser-
voirs has certain resources which are measured by state functions f,
(A € A). Each reservoir Q, is the reservoir of a specific resource A(£) and the
amount of that resource in the reservoir Q, characterizes the state &, of the
reservoir. In particular, the entropy s, of 2, is a function of the amount of
associated resource in the reservoir 2,. We also assume that each external
transition « € 4., couples the system to a single reservoir ,, and the
corresponding resource fjq, is conserved during the transition «. This
means that external transitions are processes of exchange or transport of
the corresponding resource between the system X and the reservoir £, to
which X is coupled during the transition «. We introduce an abbreviated
notation:

M) =(AMla)) for aeAd 9.3)

ext*

We do not assume, at first, that there are conserved quantities. In particular,
during the internal transition o € A4;,, the state functions f, may, in
general, vary.

Remark. These two hypotheses may not be valid. An external tran-
sition could couple the system to several reservoirs simultaneously, and the
conserved quantities, during that transition, could themselves be functions
of the various f; of the reservoirs.
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The inequality 2 > 0 for the Carnot dissipation can be rewritten by
summing over the resources f,. We obtain

> J fco;)d s (S ewy) =0 9.4
A A l(ot)X= A}
with
dDs,(£)(1) = se([,(ED)) —5:(f1(1)) 9.5

where o(y, (7,)) = (x, (£,)) is the transition. Moreover, we also obtain a
lower bound, as a particular case of inequality (7.7), by fixing a certain
) € A and summing over all external transitions « € 4%) such that A(a) = A.

ext

Y I8 (f)m) = Y, JQdO(D—s)(y). 9.6)
{o: A(20) ;1} {o A0 ;1}
X, Y€ X, Y€

On the other hand, f,(x) is a state function on X and it varies only during
external transitions a € A%) with A(x) =4 and possibly during internal
transitions o € 4;,,. So

Y TQd9f()+ Y T9d9f,(5)=0. ©.7)
o M) =4 o € Ajnt
{ x,(y;X ) x,in

The second sum in Eq. (9.7) is the internal production of the resource f;
inside the system X during internal transitions, while the first sum in
Eq. (9.7) is the net variation of the resource f, due to the coupling to the
reservoirs associated with the resource f;.

During the transition a: (y, (77,)) — (x, (£,)) one has

d9f,(y)=—d“f,(n,) .3
so that
{ _%_l} JQdD f,(n,) = ZA JQADf, (). 9.9
X,y x,ye";'

Equations (9.6)—(9.9) are generalized forms of Carnot efficiency inequalities
for the resource f;.
Finally Eq. (9.6) can be rewritten as

Y, JYdPe< ¥ JHdDS(y, (). (9.10)
{o: M) = A} {o: M) = A}
x,yeX x,yeX
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This says that the variation of the information potential during certain
external transitions is less than the variation of total entropy during the
same transitions.

10. EXAMPLES AND APPLICATIONS; HEAT AND WORK

Example 1. Detailed balance systems.

In detailed balance systems, at equilibrium, all transitions have a zero
current by definition. The dissipation, or partial dissipations are all 0.
Nothing happens at equilibrium.

Example 2. Reaction diffusion systems at a fixed temperature.

These systems have been considered in refs. 10 and 12. The state space
of the system is characterized by the number of particles of various chemi-
cal species, possibly in different cells. The reservoirs are reservoirs of
certain species at a given temperature f~' and given chemical potentials,
and there is also a reservoir of energy at temperature f~'. So, there are
chemical species i = 1,..., s and chemical species £ = 1,..., r whose number
of particles are denoted by x; and a, respectively. An element of the state
space is ((x;);—1..s> (@r)e=1..,). For any ¢, there is a single reservoir £,
with state &, which is the number of particles of species ¢ in the
reservoir £2,. The entropy of €, is

50(&e) = Bmy<, (10.1)

where B~ is the temperature, m, is the chemical potential of species £ in the
reservoir £2,. The resource corresponding to Q, is f,(x, a) = a,.

There is also an energy reservoir Q,. Its state &, is an energy content
and it entropy is

$0(So) = B&o (10.2)

The corresponding resource f,(x, a) is a state function corresponding to
the internal energy. The free energy is

F(x,a) = fo(x, a)— B~ 's(x, a) (10.3)

where s(x,a) is the entropy of the system. There are two kinds of
transitions:
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(i) transitions af of exchange of a particle of species £ between the
system and the reservoir £2,.

o0 (7, 5), (M)e50) = (%, @), ()e50) (10.4)
with
X =Y
a=b, (k#0) a,=b,+1
Se=m  (k#4) &=nFL

During the transition a, the variation of the total entropy is

S(xs a)_s(y9 b)_ﬂml
and we have

R(“z)
—=0.0D _ exp(s(x, a)—s(y, b)— pmy) (10.5)
R 59,0

(i) There are also chemical reactions inside the system which change
the number of particles x; and a,. These reactions induce a variation of
the energy content of the system which is then exchanged with the energy
reservoir. There is no exchange of particles with the reservoir. For a
chemical reaction:

o« (3, 0), (Me)es0) = ((x, @), (S)es0) (10.6)

we see that the differences x; —y,, a,—b, are given by the stoichiometric
numbers of the reaction. We have also &, =17, for £>1, but &, —#,=
energy released by the reaction = f,(y, b) — f,(x, a). The total entropy of

(3, 8), (1M0)e>0) 18

s(y, b)+ Bno+ B z myn,

21

and the variation of the total entropy in the process a is

S(x’ a)—s(y, b)+ﬂ(f0(y’ b)_fo(x, a)) = ﬁ(F(y’ b)_F(xa a))
Thus

R
—E;a_ag; 0D — exp(B(F(y, b)— F(x, a))). (10.7)
R(y, b), (x, a)
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In the absence of reservoirs Q, of species £> 1, but in presence of the
reservoirs of energy €,, the only processes are the chemical processes
related by Eq. (10.7). So the system reaches the thermal equilibrium distri-
bution exp(—fF(x, a)) and is in detailed balance. The role of the reservoirs
(22,),-, of species £, is to maintain the chemical potential m, of species £
constant in the stationary state of the system. If the imposed value m, is
not the chemical potential % at the minimum of the free energy F, the
system will reach a stationary state which is not an equilibrium state.

It is easy, for such species ¢, to rewrite inequality (9.6). There is only
one exchange process with the reservoirs, which changes species ¢, which
is a,. During «,, s, varies by — fm,. The inequality (9.6) can therefore be
rewritten as

—Bm, Y TS = Y T (0 (D@ —5)(y, b). (10.8)
(y,b)eXx (y.b)eX
(x,a)e X (x,a)e X

For the energy reservoir we obtain:

B Z ch?a),(y,b)(fo(y,b)_fo(xaa))> z JE?E?@,(y,b)5(“)(¢—S)(y—S)

o chemical o chemical
(».b)eX (3.b)eX (10.9)
(x,a)eX (x,a)e X

where, in these two inequalities we define as usual

(6®g)(y, b) = g(x, a)—g(y, b).

The total dissipation & in the stationary state is the sum of the first
members of inequalities (10.8) and (10.9). Because the sum of the second
members is zero, due to the fact that @ —s is a state function, we see that
2 >0, as we already know. Moreover, we can also rewrite inequality (10.9)
as

Z ng?a),(y,b)(é(u)é)(y’ by<s-p z J?i?a),(y,b)@(“)f’)(y, b).

o chemical o chemical
(rb)ex (5, b)eX (10.10)
(x,a)eX (x,a)e X

The variation of the information potential during chemical processes is less
than the variation of the free energy.

Remark. The situation of homogeneous reaction-diffusion system at
a fixed temperature was discussed at length in refs. 10 and 12 but with the
following differences.
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(1) time was a continuous rather than a discrete variable.

(2) we discussed the situation of large volume asymptotics so that the
numbers of particles are replaced by concentrations (taking continuous
values). In this context, we obtained more specific properties for the
information potential which are not in general valid for a discrete system
(see also Section 1 above for motivation). We could also study the relaxa-
tion to the stationary (non-equilibrium state) and derive a general inequal-
ity relating the rate of dissipation and the rate of variation of the informa-
tion potential.

Inhomogeneous reaction-diffusion systems (with several temperatures
and fixed chemical potentials) will be discussed elsewhere.

Example 3. The Carnot engine.

In the Camot engine, the system X is coupled to three energy reser-
voirs ,, Q,, Q... The only resource f,(x) is an energy variable, which can
be exchanged with the reservoirs. The variables of the reservoirs are
¢, &, &, with the entropies:

si€) =58 ()= s.(E)=0.

The system has both internal transitions (which conserve the energy f,(x))
and external transitions with the reservoirs. Recalling that the dissipation
in the stationary state 2 is non-negative, we obtain

Y TS5 4+ Y JE s, >0, (10.11)
yex yeX
xeX xeX

where a,, a, are the transitions coupling X to the reservoirs 2,, 22,. More-
over because f, does not vary during the internal transitions, in the sta-
tionary state we have

0= JE20fo(n+ Y TGP fo(»)+ Y, JGP0™fo(p).  (10.12)

yeX yeX yeX
xeX xeX xeX

With obvious notation, this can be rewritten as

0=0,0,+0,0, +3, W (10.13)
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where J,Q; (resp. ,0,, resp. d,,W) is the energy gained by X in the tran-
sition coupling X to Q; (resp. to £2,, resp. to Q) and inequality (10.11) is
thus

— 16101 — 20,0, =2 >0. (10.14)

Assume f; < f,. By eliminating J,0, between (10.13) and (10.14) we
obtain the Carnot inequality

o (BB 9 _p—h
&DW—( 7 )&Ql 5ST A (10.15)

(=0, W is the work that can be extracted from the engine and J,Q, is the
heat coming from the hot reservoir).
In fact, from inequality (9.6), we obtain

—B16101 — B:6,0, = (6, +6,)(D—5) (10.16)

where (d; +6,)(®@—s) is the variation of @ —s during the external transi-
tions coupling X to the energy reservoirs £2,, ,. From this we deduce

B— B

LW < (8, +8,)(5—®)+ 7

B:

8,0, (10.17)

In case (J, +J,)(s— D) < 0, this would provide a worse bound than the
usual Carnot estimate

B2~ B

W<
B

51 Ql'

It can happen that §,, >0, so that the system X receives work from
the reservoir ... In this case, the Carnot engine is a refrigerator. But in
any case, the dissipation 2 is positive.

Example 4. Three-state systems.

(a) Generalities. We consider here the simplest systems which can
present non-trivial currents, namely three-state systems. Although they are
simple, there are surprises. The states of the system X are labelled {1, 2, 3}.
The stochastic matrix is R,, and the stationary state is
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1
p(1)= z (Ri;Ry;+Ri3Rn+ Ry Ry5)
1
p(2)= E (RyRi3+ Ry Ry + Ry Ry;) (10.18)

1
p(3)= 7z (R31 R+ Ry Ry + Ry Ry,)

here Z is the normalization factor. The current of the total transition i & j
is J),

Jio = (R, p,(2)— Ry py(1))

1
Jn= E (Ri;R5 Ry —Ri3R3nRy) and
Ji, = Jy = J3; (by conservation of currents).

We shall denote:

s(x) the entropy of the state x

e(x) the energy of the state x (it will be the only resource of the system
and its reservoirs).

Q.. Q,, Q. the energy reservoirs at temperature ', #,' and the work
reservoir respectively. Q, has entropy f,e,, £2, has entropy f,e, (e, and e,
are the energies of 2, and ©,), and 2 has entropy 0.

In all situations, the transitions will be external transitions with one of
the reservoirs and they conserve energy.

(b) 1st situation: a single cycle.
We assume that 1 22 is at temperature f,', 2 2 3 is at temperature
B5', 32 1is the work transition, so that we can define
Ry =a eXP(% (521 — Ba€x))
Ry, =a eXP(% (52— Bae1))
Ry, =0 CXP(% (52— Brex))
Ry =b exp(% (823 — Breas))
Ry =cexp(3ss)

Ris=c eXP(%SB)
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Here s,, = s(x) —s(y), e,, = e(x) —e(y). The current is

2abc . 1
In 275111}1[5(/317923 +ﬂa812):|=']32 =Jis. (10.19)

In the transition 1 — 2, the variation of the entropy of the reservoir Q, is
p.e:, and in the transition 2 — 3, the variation of the entropy of Q, is f§,e,;.
The total Carnot dissipation is thus:

_ 2abc
T Z

7 =25 (Prew Bue) sivh (5 (Pres fuew) ) (10:20)

which is obviously positive.
Assume that §, < f, (2, is the hot reservoir)

0,0, =exnJy
0 W = e13J13 = ep3Jy.

Let us assume that e(2) > e(1), so e,; > 0. Then J,, >0 if f,e,; + f,e1, >0,
and 0, W < 0 if e(1) < e(3). The Carnot efficiency is

10V _ex
511 Qa €

= (10.21)

Because (f, — f,) e, + fre13 > 0, we see that

ﬂb_ﬂa
By

n<

We could also have e,, >0 but J,, <0, in which case the work is >0
and 0,0, <0, so that the three state system functions as a refrigerator.

(c) 2nd situation: three cycles.

Let us assume that f, < f8, and the transitions 1 22, 2 2 3 are exter-
nal transitions with the reservoir Q,, so

{Ri‘;) =a exp(% (Sxy — ﬂaexy)) (10.22)

(x,y)=(1,2),(2,1),(2,3), 3, 1)
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On the other hand the transitions 1 2 3 are of two types: a transition
with the reservoir Q,

R(b) b eXp( (Sxy ﬂbexy))

(10.23)
(x,»=(1,3),3,1)
or transition with the reservoir 2, (work transition)
RY) =cexp(3s,) (%, =(1,3),(3,1) (10.24)
so that
R, =R +RY  (x,)=(1,3),3,1).
In this case, there are three cycles. After calculation we obtain
1
Jp=JIp= 2 (RuR3 Ry, — Ry Ry Ry)
(10.25)

2 . 1 . 1
Jp=Jp = Z [ a’b sinh <§ (By—B.) e >+a2c sinh (5 B.es )]

One can also obtain the current of the transition 1 2 3 with the reservoir at
temperature f;"

Ji3 =R p.(3)— R p,(1)

1
=7 [(RRS — R RN (Ryy + Ryp) + RYY Ry Ry — R R1p Ry |

or after calculation

2 : e 1 .
J® = Z [abc sinh <‘Bb231 ><exp <§ S3 —% e32>

+exp (%su—%eu>>+azb sinh <ﬂb;ﬁ“ e31>]. (10.26)

The variation of entropy of the reservoir Q, is

— (o1 Buen + I B.e2) = I fes



1356 Gaveau and Schulman

The variation of entropy of the reservoir Q, is
—J %)ﬁbew-
The total Carnot dissipation is thus
D = ey (fa)n+ ﬂb-]%))'

Using Eqgs. (10.25) and (10.26), we obtain

2 [ Bre 1 Ba 1 Ba
9= 7 [ abc e, sinh < b231 ><exp <§ S =5 € >+ exp (5 S en >>

waicpe sin (P52 ) +ab(p,— ) e s (5 (Bi—Brea ) |

(10.27)

2 is indeed positive; in fact each term of Eq. (10.27) is positive. Each term
corresponds to one of the three cycles.

The current J =R p (3)—R{p,(1) of the work transition is
obtained using the conservation law for currents in the stationary state
(at state 3).

J%V) =—(x +]§g))-

‘We obtain from Egs. (10.25) and (10.26)

2 1
JW = - [ (abc) sinh <ﬁb2831 ><exp <§ S22 —% e32)

1 1
+exp <§ 51 —% en >>+azc sinh <§ Baex >] (10.28)

The work exchanged between the system and 2, is

4
O W = e13J§3 )

so that J,W > 0. This means that the system is always extracting work
from the reservoir Q.

We also see that if §, > B, (2, is the hot reservoir), the heat exchan-
ged with Q, is

6,0, =e; 3 JH <0  (see Eq. (10.26))
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while the heat exchanged with Q, is
0,0, =eJ 3 <0 (see Eq. (10.25))

and the system pumps work and transforms it into heat in both reservoirs
@Gf B, > B,). On the other hand if §, < f,, 5, W >0 (the system pumps
work) but it may work as a refrigerator.

(d) 3rd situation.

In this situation, transitions 1 22 are at temperature f,, transitions
2 23 are at temperature f§, and transitions 1 & 3 are either at temperature
f, or are transitions of work

RO =aexp((s,,—faey)) (x5, p)=(1,2),(2,1)
RY =bexp(i(s,,—Brer,)) (%, 9)=(2,3),(3,2),(1,3),(3, 1)

RY = cexp(3s,,) (x,»)=(1,3),(3, 1)
and
R, =R"+RY (x, »)=(1,3),(3, 1).

Again Jj, = J,; = 2 (R Ry R, — Ry, Ry Ry5)

2 1 1
Iy = Z [ ab® sinh <§ (Bo—Ba) ez >+abc sinh <§ Baexn + Prex )}

and

1 1 :
JB = [bc s1nh<ﬂb 2 ><b exp <§s32—%e32>+a exp <§s12—%eu>>
+ab25inh<<ﬂb;ﬁ“>ezl>}

J%V) =_(J(1§) +st)

2 (1 1
= E [abc sinh <§ B.en +§ Brer >

. e 1 1 p
+ bc sinh <'8b213 ><b exp <2s32 /; >+a exp <§ S12_% e12>>].
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Here

W
O W = e13J(13 )

2 . € -8,
=2[abcel3 sinh (%—l—ﬂb ZB ez3>

. e 1 1 ;
+ bce,; sinh <ﬂb2 B ><b eXp 5 <s32 —% e32)+a exp 5 <s12 —% en >>}

If we want 6,,W < 0, so that the system is an engine, we need the first
term of this expression to be negative so that certainly (8, — f,) e, <O.

The conclusion of the analysis of the three state system is that depending
on the topology of the transitions in connection with the distribution of tem-
peratures among these transitions, the system can act as a motor, a refriger-
ator or can transform work into heat.

Example 5. Two spins at different temperatures.

This system is a four-state system. The system is formed of two spins
g, 0, each spin g; = { — 1, +1} with Hamiltonian

H(o,,0,) = H,(0,)+ H,(0,)+ Hy,(0,, 0,)

Ii,-(a,-)=E(1+a"> (E>0)
Hy(oy,0,) = —Jazlaz J>0).

The entropy s(o,, g,) =0. Each spin o; is coupled to a thermal reser-
voir , at temperature f;'. Moreover g, is coupled to a work reservoir.
The entropy of the reservoir Q; is s;(e;) = f;e; where ¢; is the energy of Q,
and the entropy of the work reservoir is 0. We have transitions with the
reservoirs:

p
R eyt =y 50| =5 (=01, )~ H(o1. )

B
REQ,_@)(UI,UZ) = a, eXp [ _72 (H(o,, —0,)—H(a,, 7,))

b.

) —
(=01,05)(01,0,) —
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Moreover we have an external transition where the two spins exchange
their values, which keeps constant the energy content

R, 00,0 =€ for o, #0,.

Here

H(—o0,,0,)—H(0,,0,)= —Eo,+Jo,0,
H(o,, —0,)—H(0,,0,) = —Eo, +J0,0,.

We can consider now the total amount of work per unit time step. The
transitions which produce work are (—+)2(++), (——)2(+—), and
during the transition (—+)— (++) the energy of the system varies by
E—J and during the transition (——) — (4+—) it varies by E+J. The
amount of work is

0W =(E=N) I, oy +(E+DNIEL) .

It is proved in Appendix A, that 6, < 0 so that in any circumstance, the
system provides work to the reservoir of work 2.

Remark. This behavior is to be contrasted with the behavior of the
three-state system studied in Example 4, 2nd situation.

Example 6. External transitions involving several reservoirs.

In Section 9, we considered the case where each external transition has
a given type £, namely each external transition couples the system with only
one reservoir. This hypothesis is realistic (and indeed realized) in most
physico-chemical or biochemical systems, because various reactions occur
independently. On the other hand, economical or ecological systems will
not, in general obey such a rule. For example, an economic transaction
between a system and its environnment, involves an exchange of goods and
money which may go to two different “reservoirs,” and the two parts of
the transactions cannot be dissociated. If they are dissociated for example
when one pays in advance, the system must have memory—which indeed it
has. But then, the stochastic matrix formalism does not express memory
effects.

11. CONCLUSION

In this article, we have specialized the general master equation for-
mulation of the dynamics of a system in order to be able to treat reservoirs
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explicitly. As observed from the outside, a system which is in a non-equi-
librium stationary state exchanges resources with certain reservoirs which
may have zero entropy and the overall dynamics can be reduced, again
from an external point of view, to the currents of various resources in or
out the system. We have defined and calculated various dissipations of
these resources and given lower bounds for these dissipations in term of
state functions. Moreover, a number of simple examples show that the
topology of the transitions with the reservoirs may be important in order to
extract usable resources, like work.

APPENDIX A. CALCULATIONS FOR THE TWO-SPIN SYSTEM
The four states and their transitions are arranged as

l,or W
+t+e=——+

1T

—_— — —

For ++, the spanning trees of root ++ are

| S I A

For —+, the spanning trees of root —+ are

[ I S N |

P+, ) = (R, )+ R, o) RE . (RE +REY) )
+RE ) o RE, c +REL, Co)RP4 )
+RED.) o (RE, cH +REL, () RE.) )

+ (R, o +REL, ) R4, o (RE) () +REY) ().

We need

H(++)—H(—+)=E—J
H(++)—H(+-)=E—J
H(+—)—H(——)=E+J
H(—+)—H(——)=E+J
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p(++)= <al exp < —%(E—J)>+b>

—%(E—J))(a1 exp < —% (E+J)>+b>

ey

+<a1 exp < —% (E—J)>+b>

X a, exp < —%(E+J)><a1 exp <% (E+J)>+b>
p(—+)= <a1 exp<+%(E—J)>+b>

X a, exXp —%(E—J))(a1 exp < —% (E+J)>+b>

+a, exp —%(E+J)><a1exp<%(E+J)>+b>
X a, eXp ﬁz(E—J))

2 (E+J)><a1 exp <%(E—J)>+b>
)
(E+J)><a1 exp <% (E+J)>+b>

><<a1 exp < +% (E—J)>+b>.

|
(IR TR SRS
~~
T
S



1362 Gaveau and Schulman

For + —, the spanning trees are

0 a -ou

p(+—)=a, exp <% (E—J)><a1 exp < —%(E—J)>+b>

x(a2 exp < —% (E+J)>>

+<a1 exp —% (E+J)>+b>a2 exp <% (E+J)>

+a, exp <% (E—J)><a1 exp < —% (E+J)>+b>

For — —, the spanning trees are

N L 4d Uu

and finally

p(——)=a, exp <% (E+J)><a1 exp < +%(E—J)>+b>

X a, exp<—%(E—J)>

+<a1 exp <% (E+J)>+b>a2 exp <% (E—J)>

(oo~ 10)
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+<a1 exp <% (E+J)>+b>a2 exp <% (E+J)>

><<a1 exp <ﬁ1 (E— J))+b>

+a, exp <% (E+J)><a1 exp <% (E+J)>+b>

X a, exp <% (E—J)).

‘We have not written the normalization factor % The total current along the
full cycle is

1
2) I ) (1) )
J(++), +-) 7 [R(++),(+—)(R(+—), (=-) +R(+—), (——))
X (RO, )R, 44y + R, (44))-Teverse]

T @00 2%[% exp < —% (E—J)><a1 exp ( —% (E+J)>+b>

xazexp<%(E+J)><alexp<%(E—J)>+b>
—azexp<%(E—J)><alexp<%(E+J)>+b>
xazexp< ﬂz(E+J)><a1exp< ﬁl (E— J)>+b>]

After regrouping, we obtain

242 . .
Iyor =g | sint(p = ) 7+ (o o7 =5 ) )

<s1nh </)’2J+ﬂ1 (E— J)>>+b2 sinh ﬂzJ].
Then we get for the work transitions

2b E—J ByE E+J)—p,J
J%Q»(H:—E[af sinh—ﬂl(2 )<a§e‘ﬂzE+2a1a2e‘zch(—ﬂl( +2) B >

E
+2a,be™ = ch bt >+a2b sinh f,J +aja, sinh <w—ﬁ21>].
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and the variation of energy is H(4++)—H(—+) = E—J. In the same way

B B.J

(E+J)<azeﬂ2 +2a2be > ch 5

+2a1a2eﬁzTE ch (%+& (E— J)>>

2b
JE coy=— Z [al sinh —~

+a3b sinh(B,J) +a3a, sinh </32J+&(E J)>]

and the variation of energy is H(+ —)— H(——) = E+J. The variation of
the work is then:

O W =E-DNIN, o+ E+NI,

or expanding

_ » BE=D (s
500W_ Z|: I(E J) T(%e A

+2alaze‘ﬁ§Ech<—/))1(E+J)_ﬁ2 >+2 be_zch<ﬁ; ))

2
+a,(E+J) sinhﬁ1(€+J)< 26hE L 2g,ane’s ch <w>
+2a,be’s ch <%’)>+2azblz sinh(8,J)
+a§a1<(E—J) sinh<w BoJ >
+(E+J)sinh<ﬁ1(2 )+ﬁ2 >>} (A1)

We shall show that the square bracket in this last expression (A.1) is
positive. Here E, J, a,, a,, b are positive. The only possibly negative terms
are the last terms in a3a, which become after reduction

2a§a1[Esth12 <%— 2J)—Jsinh</i— 2J>chﬂlTE]. (A2)
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The only possibility for the terms (A.2) to be negative is that §,/2 > f, and
moreover that J > E because if (A.2) is negative, we must have

J th </i— 2J>>Eth <ﬁ‘2E>

Now let us collect together in the bracket of (A.l1) the various terms
in a3a,. We see that

(J—E) sinh (ﬂl e E)> e PE 4+ (E+J)sinh <ﬂ1 <@>> ehE

is of the type ue %f 4+ vef2f with 0 <u < v and is always larger than u+v
for £ > 0. So the sum of the terms in the bracket of (A.1) which contain
aja, is larger than

(J— E) sinh <ﬁ1 <(J;E)>>+(J+E) sinh (/ﬂ ((ETH)»

+2Esmh<ﬁ1 > (l%— 2J> 2Jsmh</i— 2]>ch<ﬁlTE>

and obviously this is

>2J sinh — ﬂl </))17E>—2J sinh (%— 2J>ch <’BITE>

> 0.

As a consequence J, W < 0, and thus, this system always produces work on
the reservoir Q..
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